We consider the (Ihara) zeta functions of line graphs, middle graphs and total graphs of a regular graph and their (regular or irregular) covering graphs. Let L(G), M(G) and T (G) denote the line, middle and total graph of G, respectively. We show that the line, middle and total graph of a (regular and irregular, respectively) covering of a graph G is a (regular and irregular, respectively) covering of L(G), M(G) and T (G), respectively. For a regular graph G, we express the zeta functions of the line, middle and total graph of any (regular or irregular) covering of G in terms of the characteristic polynomial of the covering. Also, the complexities of the line, middle and total graph of any (regular or irregular) covering of G are computed. Furthermore, we discuss the L-functions of the line, middle and total graph of a regular graph G.
Introduction
Throughout this paper graphs and digraphs are assumed to be finite, connected and simple (with no loops and no multiple edges). Let G be a connected (undirected) graph with vertex set V (G) and edge set E(G), and let ν G and ε G denote the numbers of vertices and edges of G, respectively. Let D(G) be the arc set of the symmetric digraph corresponding to G. For e = (u, v) ∈ D(G), let o(e) = u and t (e) = v. The inverse arc of e is denoted by e −1 . A path P of length n in G is a sequence P = (v 0 , v 1 , . . . , v n−1 , v n ) of n + 1 vertices and n arcs (or edges) such that consecutive vertices share an arc (or edge) (we do not require that all vertices are distinct). Also, P is called a (v 0 , v n )-path. We say that a path has a backtracking if a subsequence of the form . . . , x, y, x, . . .
appears. A (v, w)-path is called a cycle (or closed path) if v = w.
A cycle C is said to be reduced if both C and C 2 have no backtracking. Two cycles C 1 = (v 1 , . . . , v m ) and C 2 = (w 1 , . . . , w m ) are called equivalent if there is an integer k such that w j = v j +k for all j , where the subscripts are modulo m. Let [C] denote the equivalence class which contains a cycle C. Let B r be the cycle obtained by going r times around a cycle B. Such a cycle is called a multiple of B. A cycle C is prime if C / = B r for any other cycle B and r 2. Note that each equivalence class of prime, reduced cycles of a graph G corresponds to a unique conjugacy class of the fundamental group π 1 
(G, v) of G at a vertex v ∈ V (G).
The (Ihara) zeta function of a graph G is defined as a function of u ∈ C with |u| sufficiently small by
, where [C] runs over all equivalence classes of prime, reduced cycles of G, and |C| is the length of C. Clearly, the zeta function of a disconnected graph is the product of the zeta functions of its connected components. Zeta functions of graphs were originated from zeta functions of regular graphs by Ihara [16] , where their reciprocals are expressed as explicit polynomials. A zeta function of a regular graph G associated to a unitary representation of the fundamental group of G was developed by Sunada [30] . Hashimoto [13] treated multivariable zeta functions of bipartite graphs. Bass [2] 
Theorem 1 (Bass). The reciprocal of the zeta function of G is given by
Stark and Terras [29] gave an elementary proof of Theorem 1, and recently Kotani and Sunada [18] gave another proof.
The complexity κ(G) of a graph G is the number of spanning trees in G. Hashimoto [14] and Northshield [26] expressed the complexity of a graph as a limit involving its zeta function.
In this paper, we call the matrix L G (u) = I − uA G + u 2 Q G is called the generalized Laplacian matrix of G. Note that L G (1) is the Laplacian matrix L G of G. For a connected graph G, let f G (u) = det L G (u). Northshield [26] computed κ(G) in terms of the generalized Laplacian matrix of G as follows.
Theorem 2 (Northshield). For a connected graph G,
where f G (1) is the derivative of the determinant f G (u) = det L G (u) at u = 1.
The complexities for various graphs were given in [6] . Let (G; λ) = det(λI − A) be the characteristic polynomial of G.
Theorem 3 [15] . Let G be a regular graph with valency r. Then the complexity κ(G) is
The line graph L(G) of a graph G is the graph whose vertex set is the edge set E(G) of G, with two vertices of L(G) being adjacent if and only if the corresponding edges in G have a vertex in common. The middle graph M(G) is the graph obtained from G inserting a new vertex into every edge of G and by joining by edges those pairs of these new vertices which lie on adjacent edges of G. Another important graph is a total graph. The total graph T (G) is the graph whose vertex set is the union of the vertex set V (G) and the edge set E(G) of G, with two vertices of T (G) being adjacent if and only if the corresponding elements of G are adjacent or incident. There have been lots of work on various properties of line graphs, middle graphs and total graphs of graphs [3, 5, 6, 11, 12, 25, 27, 28] .
From the definitions, we have In Section 3, we present the characteristic polynomial, the complexity and the zeta function of the line graph of a regular graph. For any (regular or irregular) covering G α of a connected graph G derived from a permutation voltage assignment α :
for a regular graph G is expressed in terms of the characteristic polynomial of G α , and also by using the determinant expression for L-functions of L(G). Furthermore, the complexities of L(G α ) is computed. In Sections 4 and 5, a parallel work for a middle and a total graph is done respectively. In Section 6, we add some examples.
For a general theory of the representation of groups and graph coverings, the reader is referred to [4, 10] , respectively. Throughout this paper, let [n] denote the set {1, 2, . . . , n} and let S n denote the symmetric group on the set [n].
Zeta functions and complexities of covering graphs
In this section, we construct a covering of a connected graph G by using a voltage assignment α defined on the arc set D(G), written by G α , and compute the characteristic polynomial (G α ), the zeta function Z(G α , u), and the complexity κ(G α ) of the covering G α in terms of the corresponding quantity of the graph G.
Let
Such a is called a covering isomorphism [19] .
A permutation voltage assignment (or, voltage assignment) of G is a function φ : D(G) → S n with the property that φ(e −1 ) = φ(e) −1 for each e ∈ D(G). The permutation derived graph G φ is defined as follows: (i) ) for e = uv ∈ D(G) and i = 1, 2, . . . , n. The first coordinate projection p φ : G φ → G is an n-fold covering. Following Gross and Tucker [9] , every n-fold covering G of a graph G can be derived from a voltage assignment which assigns the identity element on the directed edges of a fixed spanning tree T of G. We call such a φ reduced. That is, for a covering p : G → G, there exists a reduced voltage assignment φ of G such that the derived covering p φ : G φ → G is isomorphic to p : G → G. Moreover, for a reduced voltage assignment φ : D(G) → S n , the derived graph G φ is connected if and only if the subgroup of S n generated by the image of the voltage assignment φ acts transitively on the set [n] [10] . Such a voltage assignment is said to be transitive.
A covering p : G → G is said to be regular if there is a subgroup of the automorphism group Aut( G) of G acting freely on G so that the graph G is isomorphic to the quotient graph G/ , say by h, and the quotient map G → G/ is the composition h • p of p and h. The fiber of an edge or a vertex is its preimage under p.
Let be a finite group. An ordinary voltage assignment (or, -voltage assignment) of G is a function φ : D(G) → with the property that φ(e −1 ) = φ(e) −1 for each e ∈ D(G). The values of φ are called voltages, and is called the voltage group. The ordinary derived graph G × φ derived from an ordinary voltage assignment φ : D(G) → has as its vertex set V (G) × , and as its edge set E(G) × , so that an edge (e, g) of G × φ joins a vertex (u, g) to (v, gφ(e)) for e = uv ∈ D(G) and g ∈ . In the (ordinary) derived graph G × φ , a vertex (u, g) is denoted by u g and an edge (e, g) is denoted by e g . The first coordinate projection p φ : G × φ → G, called the natural projection, commutes with the left multiplication action of the φ(e) and the right multiplication action of on the fibers, which is free and transitive, so that p φ is a regular | |-fold covering, called simply a -covering. Gross and Tucker [9] showed that every finite regular covering of a graph G can be derived from a -voltage assignment, where becomes the covering transformation group.
In [8] and [20] , Kwak et al. expressed the zeta function and the complexity of a (regular or irregular) covering of G by using those of G, respectively. The tensor product A ⊗ B of matrices A and B is considered as the matrix A having the element a ij replaced by the matrix a ij B. Set I m be the identity matrix of order m. 
Theorem 5. Let G be a connected graph and let
α : D(G) → S n be a permutation voltage assign- ment. Let = {α(u, v)|(u, v) ∈ D(G)} be the subgroup of S n generated by {α(u, v)|(u, v) ∈ D(G)}. Let ρ 1 = 1, ρ 2 ,P = k =1 m ρ . For each γ ∈ , define a matrix A γ = A γ (G) = (a (γ ) uv ) as follows: a (γ ) uv := 1 if (u, v) ∈ D(G) and α(u, v) = γ, 0 otherwise.
Then the reciprocal of the zeta function of G α is
Suppose that the n-fold covering G α of G is connected and that ε G > ν G . Then the complexity of G α is
For each γ ∈ , let G (α,γ ) denote the spanning subgraph of the symmetric digraph G corresponding to G whose directed edge set is α −1 (γ ). Then the digraph G is the edge-disjoint union of spanning subgraphs G (α,γ ) , γ ∈ , and the matrix A γ = A γ (G) in Theorem 5 is the adjacency matrix of the digraph G (α,γ ) .
Note that the multiplicity m 1 of the irreducible representation ρ 1 = 1 is the number of orbits under the action of the group . Thus, if the covering G α is connected, we have m 1 = 1.
As a special case, let the covering G α of G is a regular covering with a covering transformation group A so that G φ /A ∼ =G [10] . Let ρ 1 = 1, ρ 2 , . . . , ρ be the irreducible representations of A with degree f k for each k, where f 1 = 1. Then the multiplicity m k is equal to the degree f k of ρ k and the fold number n is |A|, the cardinality of A. Thus we have the same formula as Theorem 5 in [22] :
Feng et al. [7] expressed the characteristic polynomial of a (regular or irregular) covering of G in terms of the characteristic polynomial of G. Let (F; λ) = det(λI − F) for any square matrix F.
Line graphs of a graph and its covering graphs
For a simplicity of computing, we assume that the base graph G is regular. The characteristic polynomial and the complexity of the line graph L(G) of an r-regular graph G are given as follows [6] :
Let G be a connected r-regular graph with ν vertices and ε edges. Then
By Bass Theorem, one can get a matrix expression of the zeta function of the line graph L(G) as follows.
Theorem 8. Let G be a connected graph with ν vertices and ε edges. Then
where
In particular, if G is regular one can express the reciprocal Z(L(G), u) −1 of the zeta function of the line graph L(G) in terms of the characteristic polynomial of G.
Theorem 9. Let G be a connected r-regular graph with ν vertices and ε edges. Then
where a = 2r − 3. By Eq. (8),
Therefore, Eq. (10) follows.
In [17] , Kotani and Sunada showed that the line graph of a regular covering of a graph G with covering transformation group A is a regular covering of L(G) with the same covering transformation group A.
Archdeacon et al. [1] showed that the line graph of a covering of a graph G is a covering of L(G). 
Theorem 10 (Archdeacon et al.). Let H be a covering of a graph G, then L(H ) is a covering of L(G).
Let α : D(G) → S n a permutation voltage assignment. In the n-fold covering G α , set v g = (v, g) and e g = (e, g), where v ∈ V (G), e ∈ D(G), g ∈ [n]. For e = (u, v) ∈ D(G),D(L(G)) of arcs in the line graph L(G) is given by {(e, f )|e / = f −1 , t (e) = o(f )},where o((e, f )) = [e] and t ((e, f )) = [f ]. Furthermore, (e, f ) −1 = (f −1 , e −1 ). Now, we determine a voltage assignment β : D(L(G)) → S n which derives the covering L(G α ) → L(G).
Lemma 11. Let G be a connected graph with ν vertices v 1 , . . . , v ν , and let α : D(G) → S n be a permutation voltage assignment. For each edge
Case 2. i < j and j > k. In this case, we have [
, and so
, and so 
By Theorem 5, the decomposition formulas for the zeta function and the complexity of the line graph L(G α ) of a covering G α of a graph G are obtained as follows.
Theorem 12. Let G be a connected graph with ν vertices and ε edges, and α
}, and let P : → GL(n, C) be the permutation representation of such that P (γ ) = P γ , where P γ is the permutation matrix of γ.
Suppose that the n-fold covering G α of G is connected. Furthermore, let ρ 1 = 1, ρ 2 , . . . , ρ t be the irreducible representations of , and f i the degree of ρ i for each i, where f 1 = 1, with the decomposition
By Theorem 9, one can express the zeta function of the line graph L(G α ) in terms of the characteristic polynomial of G α when G is regular.
Corollary 13. Let G be a connected regular graph with valency r, ν vertices and ε edges, and α : D(G) → S n a permutation voltage assignment. Suppose that the n-fold covering
Proof. Note that G α is an r-regular graph.
Let G be a graph and α : D(G) → S n a permutation voltage assignment. The net voltage α(P ) of each path [10] . Furthermore, let = {α(e)|e ∈ D(G)} , and let ρ be a representation of . The L-function of G associated to ρ and α is defined to be the function of u ∈ C with |u| sufficiently small as follows.
where f = deg ρ and [C] runs over all equivalence classes of prime, reduced cycles of G (cf., [13, 16, 30] 
Proof. By Theorem 3 of [21] . 
We express the L-function of the line graph L(G) for a regular graph G in terms of characteristic polynomials. 
Proof. Similar to the proof of Theorem 4 in [23] .
By Theorem 16 and Corollary 15, Corollary 13 can be confirmed as follows:
. . , ρ t be the irreducible representations of , and f i the degree of ρ i for each i, where f 1 = 1. Assume that the permutation representation P : → GL(n, C) is decomposed into a direct sum of irreducible representations as 1 + m 2 ρ 2 + · · · + m t ρ t . By Theorem 16 and Corollary 15, we have
. Now, Corollary 13 follows from Theorem 6. {v 1 v 1 , . . . , v ν v ν }. Hamada and Yoshimura [12] 
Middle graphs of a graph and its covering graphs

The middle graph M(G) of G is the graph with V (M(G)) = V (G) ∪ E(G) and E(M(
The characteristic polynomial and the complexity of the middle graph M(G) of an r-regular graph G are given as follows [6, 22] :
Theorem 17. Let G be a connected r-regular graph with ν vertices and ε edges. Then (M(G); λ)
and
As the case of line graph, one can use Bass theorem to get a matrix expression of the zeta function of the middle graph M(G) as follows.
Theorem 18. Let G be a connected graph with ν vertices and ε edges. Then
Z(M(G), u)
(M(G)) and D M = D M(G) .
In particular, if G is regular one can express the reciprocal Z(M(G), u) −1 of the zeta function of the middle graph M(G) in terms of the characteristic polynomial of G.
Theorem 19. Let G be a connected r-regular graph with ν vertices and ε edges. Then
Z(M(G), u)
−1 = (1 − u 2 ) (r−1)(ε+ν)−ε u ν (1 + u + (r − 1)u 2 ) ν (1 + 2u + (2r − 1)u 2 ) ε−ν × G; 1 + (2 − r)u + (2r − 2)u 2 + (r − 1)(2 − r)u 3 + (2r − 1)(r − 1)u 4 u(1 + u + (r − 1)u 2 ) .(16)
Proof. For a vertex w of M(G), we have deg w = r if w ∈ V (G), 2r if w ∈ E(G).
Set a = 2r − 1 and b = r − 1. By Eq. (1), we have
The equalities in Eq. (4) imply that
By Eqs. (4) and (8),
Thus, we have
Therefore, the result follows.
For any permutation voltage assignment α : D(G) → S n , we show that the middle graph of the n-fold covering G α of G is an n-fold covering of the middle graph M(G) of G. Also, one can determine the voltage assignment which derives the covering M(G α ) → M(G).
Theorem 20. Let G be a connected graph with ν vertices v 1 , . . . , v ν and let α : D(G) → S n be a permutation voltage assignment. Then M(G α ) is an n-fold covering of M(G).
Proof. Recall that M(G)
Then one can show that (G α )
is an n-fold covering of L(G + ) and it can be derived from a voltage assignment α * L . Therefore, M(G α ) is an n-fold covering of M(G).
Mizuno and Sato [22] showed
that M(G α ) is a regular covering of M(G) if G α is a regular covering of G.
We consider the permutation voltage assignment α
By the definition of α * , α M is given as follows: 
By Theorem 19, one can express the zeta function of the middle graph M(G α ) in terms of the characteristic polynomial of G α when G is regular.
Corollary 23. Let G be a connected regular graph with valency r, ν vertices and ε edges, and α : D(G) → S n a permutation voltage assignment. Suppose that the n-fold covering G α of G is connected. Then the reciprocal of the zeta function of M(G α ) is
Proof. Note that G α is r-regular.
Mizuno and Sato [24] expressed the Bartholdi zeta functions of the line graph and the middle graph of a regular covering of a graph by using the characteristic polynomial of that regular covering.
By Theorem 17, we obtain the following result.
Corollary 24. Let G be a connected regular graph with valency r, ν vertices and ε edges, and α : D(G) → S n a permutation voltage assignment. Suppose that the n-fold covering G α of G is connected and ε ν. Then the complexity of M(G α ) is
Next, we state an alternative formula for the complexity κ(M(G α )). 
Corollary 25. Let G be a connected r-regular graph with ν vertices and ε edges, and α : D(G) → S n a permutation voltage assignment. Let = {α(u, v)|(u, v) ∈ D(G)} be the subgroup of S n generated by {α(u, v)|(u, v) ∈ D(G)}, and let P : → GL(n, C) be the permutation representation of such that P (γ )
Proof. By Eqs. (18) and (3), we have
Eq. (7) (3) and (14), we have
We give a determinant expression for the L-function of the middle graph M(G) for a graph G. 
Proof. By Theorem 3 of [21] .
Corollary 27. Let G be a connected graph with ν vertices and ε edges, and α : 
We express the L-function of the middle graph M(G) for a regular graph G in terms of characteristic polynomials. 
Proof. Similar to the proof of Theorem 6 in [23] .
By Theorem 28 and Corollary 27, Corollary 23 can be confirmed as follows: Let ρ 1 = 1, ρ 2 , . . . , ρ t be the irreducible representations of , and f i the degree of ρ i for each i, where f 1 = 1. Let the permutation representation P : → GL(n, C) be decomposed into a direct sum of irreducible representations as 1 + m 2 ρ 2 + · · · + m t ρ t . By Theorem 28 and Corollary 27, we have
. Now, Corollary 23 follows from Theorem 6.
Total graphs of a graph and its covering graphs
The characteristic polynomial and the complexity of the total graph T (G) of an r-regular graph G are given as follows. We denote the set of all eigenvalues of G by SpecG.
Theorem 29. Let G be a connected regular graph with valency r, ν vertices and ε edges, and
Proof. Note that T (G) is a 2r-regular and Eq. (19) comes from Theorem 2.20 of [6] . By Theorem 3, we have
But, we have
. Since the multiplicity of λ j = r is 1, we set
and then
Since ε + ν = ν(r + 2)/2, the result follows.
Theorem 30. Let G be a connected regular graph with valency r, ν vertices and ε edges, and
Proof. Note that T (G) is 2r-regular. Set a = 2r − 1. By Eq. (1), we have
From Eq. (19), we have
where SpecG = {λ 1 = r, λ 2 , . . . , λ ν }. Thus, we have
First we show that the total graph T (G α ) of a covering G α of G is a covering of the total graph T (G) of G. For two graphs G and H , let G ∪ H be the graph with vertex set V (G ∪ H ) =
V (G) ∪ V (H ) and edge set E(G ∪ H ) = E(G) ∪ E(H ).
Theorem 31. Let G be a connected graph and let α : D(G) → S n be a permutation voltage assignment. Then the total graph T (G α ) of G α is an n-fold covering of the total graph T (G) of G.
Proof. At first, note that T (G)
= M(G) ∪ G. Thus, we have T (G α ) = M(G α ) ∪ G α = M(G) α M ∪ G α . Define a function α T : D(T (G)) → S n by α T (u, v) := α M (u, v) if (u, v) ∈ D(M(G)), α(u, v) if (u, v) ∈ D(G).
Then it follows that T (G
Mizuno and Sato [22] showed that T (G α ) is a regular covering of T (G) if G α is a regular covering of G.
We 
One can express the zeta function of the total graph T (G α ) in terms of the eigenvalues of G α when G is regular. Recall that SpecG is a subfamily of SpecG α by Theorem 6. 
Proof. Again T (G α ) is 2r-regular. Set a = 2r − 1 and let 
h(u, λ j )
We give a determinant expression for the L-function of the total graph T (G) for a graph G. 
Corollary 35. Let G be a connected graph with ν vertices and ε edges, and α : 
We express the L-function of the total graph T (G) for a regular graph G in terms of eigenvalues of some matrix. 
Proof. At first, T (G) is a 2r-regular graph. By Theorem 34, we have
where a = 2r − 1. But, we have
. . , e ε }. Furthermore, let B ρ be the εf × νf matrix defined as follows:
where (B ρ ) ij is the (i, j )-block of B ρ . Then we have
where B t ρ is the conjugate transpose of B ρ . By (4), we have
By ( and so, the result follows.
As the cases of line and middle graphs, one can derive Corollary 33 from Theorem 36 and Corollary 35. The details are omitted.
Examples
Let G = K 3 be the complete graph with three vertices v 1 , v 2 , v 3 . Let P : → GL(3, C) be the permutation representation of such that P (γ ) = P γ . Then we have P = 1 + ρ 3 . Let ρ = ρ 3 . By Eq. (7), we have 
